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Group manifold approach to field quantisationt

V Aldayat, J A de Azcédrragat$ and S Garcia|

Departamento de Fisica Tedrica, Facultad de Ciencias Fisicas, Universidad de Valencia,
46100 Burjassot, Valencia, Spain

Received 27 April 1988

Abstract. We generalise a previously introduced group manifold approach to quantisation
in order to apply it to the quantisation of free fields. The procedure is based on the
consideration of infinite-dimensional groups, for which the appropriate generalisations of
certain concepts of ordinary Lie group theory are introduced. The cases of the Klein-
Gordon and the Proca fields are treated in detail, the latter to illustrate the treatment of
constraints. The zero-mass limit of the vector fields is also briefly discussed in connection
with the Stiickelberg formalism.

1. Introduction

As a rule, the formalisms of geometrical quantisation [1,2]] face a difficulty when
they are applied to the simplest relativistic system, the free particle. This is because
the basic quantum relations [g, p;]=i#8] do not permit the g to be associated with
generators of the Poincaré group as in the case of the ‘non-relativistic’ Galilei group
(see, e.g., [3] and references therein). This difficulty is also present in the group
manifold approach to geometric quantisation [4, 5], where it manifests itself as a
consequence of the trivial symplectic cohomology of the Poincaré group 2, which is
the starting point for the theory. Indeed,  does not allow for the above commutation
relations or, in other words, does not admit the U(1) central extensions which are
essential in the quantisation process (see [6] for a detailed discussion). This problem
of the geometric ‘first quantisation’ of the free relativistic particle on a group manifold
may be overcome by means of pseudoextensions of the Poincaré group [6] or by
substituting a contraction of the conformal group with non-trivial cohomology (leading
to an off-shell relativistic dynamics as an intermediate step) for the Poincaré group
[3,7]. Also, and in the broader context of (pseudo)classical systems including fermions
[8], we have used [9] the N =2 super-Poincaré group, which does admit central charges
[10], to first quantise the Fayet-Sohnius basic matter hypermultiplet [11].

The quantisation of a free ‘classical’ field (the ‘second’ quantisation) corresponds
to the quantisation of a system with infinite (continuous) degrees of freedom. The
starting point for its quantisation will accordingly be an infinite-dimensional Lie group
manifold. We may thus use this fact to avoid the non-extension theorem for # to
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quantise relativistic fields; this is the purpose of the present paper. As we shall see,
P will be contained in these infinite-dimensional groups but none of its parameters
will play the role of basic coordinate or conjugate momentum. (Although we shall
not discuss it here, the possibility exists of considering infinite-dimensional graded
groups to simultaneously incorporate bosons and fermions into the scheme.)

The paper is organised as follows. In §2 we succinctly summarise the group
quantisation formalism and apply it to the harmonic oscillator in Bargmann-Fock-
Segal coordinates. In § 3 we extend the formalism to the infinite-dimensional case and
use it to quantise the free Klein-Gordon (kG) field. Section 4 is devoted to the Proca
field and to analysing the incorporation of constraints into the scheme. Finally, the
Stiickelberg formalism and the zero-mass limit are briefly discussed.

The necessary generalisations of some familiar concepts in Lie group theory to the
infinite-dimensional case are performed, when required, in the main text. They are
completed with three appendices on cohomology, invariant vector fields and symplectic
structure.

2. The group manifold approach to quantisation and the harmonic oscillator

The group approach to quantisation (GaQ) [4, 5, 12] is a canonical algorithm which
derives quantum manifolds [1] from a class of Lie groups, much in the same way that
the Kirillov-Kostant method [13] obtains symplectic manifolds from Lie groups. To
be more precise, the GaQ allows us to derive generalised quantum manifolds since the
evolution parameter (time) is naturally included in the formalism. The necessary
requirement for a group to be a quantum group Gistohavea principal bundle structure
with structure group U(1). Such a condition singularises a component of the (Lie
algebra @-valued) left-invariant canonical 1-form 8" on G [14], the vertical component
6 =0, which defines a left-invariant connection-form ([14], p 103)7.

The above generalised quantum manifolds do not have to be contact manifolds.
This allows for the presence on the base manifold of variables which, like time, are
not included in the (symplectic) pairs of canonically conjugated variables. The presence
of time allows us, unlike in the conventional formalism [1], to define generalised or
full polarisation conditions which include a condition on the wavefunction which is
none other than the wave equation. The variables which do not belong to the set of
pairs of conjugate variables determine the vector fields which generate the characteristic
module €o =ker @ n ker d®; it is the quotient manifold Q = G/ %e which is an ordinary
quantum manifold in Souriau’s sense [1] with the contact form given by O}, [4, 12].
The full polarisation, which generalises the polarisation conditions of Souriau and
Kostant [1], is defined [4] as a left maximal horizontal subalgebra P containing €.

The Hilbert space of wavefunctions is made out of C-valued functions on G,
fulfilling the condition of being U(1)-equivariant:

By =i (2.1a)
where E is the vertical (U(1)) left generator, and fully polarised, i.e.
X =0 vXxP'eP. (2.1b)

* The components of - may be easily obtained by 1-form/vector field duality considerations from the
left-invariant vector fields of #-(G)=~T.(G) which generate the right action of G on itself. The vertical
component Av is dual to the U(1) vector field =, ig8v =1, 8% (any other left vector field) = 0.
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If there is an absolute evolution parameter in G, i.e. an element in the centre of the
subalgebra generated by € [12], (2.15) contains the evolution (Schrédinger) equation.
Once the wavefunctions for the system are characterised, the basic quantum operators
are defined as the right-invariant vector fields X*+. The quantum group also provides
us with an invariant measure du to define a scalar product for functions on the base
manifold G/U(1),

W'ly)= J ¥y du (2.2)

G/uU(1)

once the U(1) parameter dependence has been factored out using (2.1a), on Q/U(1)
or on the polarised manifold (see [12]) circumventing the delicate problem (see, e.g.,
[2]) of the half-forms in this way.

A particularly interesting situation appears when G is a central extension of a group
G by U(1). Then, G has the group law

§'=g'¢=(g'~g {'{ explié(g’, g)]) (2.3)

where § =(g, {)e G, ¢ is the U(1) parameter, g'* g is the group law for G and &¢(g’, g)
(the 2-cocycle) is an R-valued function on GXxG which characterises the central
extension and in whose definition the Planck constant # entersi. In this case, the
central extension Gz, of G by R also exists, and it may be shown [4, 12] that Gix)
describes the classical limit of the quantum system associated with G [12].

Because the quantisation of a field essentially amounts to the quantisation of an
infinite number of oscillators, let us first recall the group manifold quantisation of the
harmonic oscillator [4, 5]. The starting point is the associated quantum group G .,
defined by the group law (henceforth we shall take #=1)

C'=C'e™?+R'C C CcC eC? Ct=C*
C™"=C"e“?+R'C”

B'=B'+B w, BeR (2.4)
R"=R'R ReSO(3)

{"={'¢ explié(g’, g)] eu(l)

where the 2-cocycle is given by

g(g/, g) =%i(C/R/C+ e——in _ C+/R/C ein) (2.50)
and the rotations are parametrised by
R(e) =(1-1e?)8i+(1-31e?) " n we* +1e'e, (2.5b)
J J J J

where 7, is the fully antisymmetric tensor. By using the familiar change of variables
C-(m/2w)"* (wA+iV)

2.6

C > (m/2w) " (wA—-iV) (2:6)
1 The action of the right-invariant vector fields of the algebra € is well defined because [ XY, X*]=0 and
thus (2.1a, b) are preserved under the action of the elements of #*(G). The action of #™(G) is also well
defined on the manifold G/ %, because %o is generated by a left-invariant subalgebra.
t When G has a central extension structure, the 1-form dual to the fundamental (vertical) vector field =
defines a horizontal subspace of the tangent space Ti(é) at each point e G. Both objects depend on the
specific group law given for G, which, due to the coboundary ambiguity of the extension [6], is not unique.
It is nevertheless possible to give a canonical definition for the (vertical 1-form) 6% which depends only
on the cohomology class and which characterises the corresponding extension cocycle [12].



4268 V Aldaya, J A de Azcdrraga and S Garcia

it can be seen that G, is the central U(1) extension of the group Gm) Which
contracts to the ten-parameter Galilei group when the frequency w of the oscillator
goes to zero.

To proceed with the Gag we first compute the left- and right-invariant vector fields
(Livr and RIVE), with the result (LIVF)

> 3 i ., 9 3
XL-=R ————C*E) X5=—-iwC—+inC

€ <ac 2 BT9B “Tac " st

b 0 i . 9 )
XLi= —_—4~-CE X1€‘= X—4+ (1 =172 2.
¢ R(ac+ 2C> Y (1=3e%) € 27
. s

X1§“=1§£E:

and (RIVF)

~ a i 9
XR = )_:—uuB (__+_ +E) XR e

¢ aC 2 B™ 5B

o R iwB 0 i —_ SR SL__ —
Xcr=e ac+—5C: X;=X;=2 (2.8)

5] g

Xd=—ex—+(1-3e)" —-Cx—-C"

e=TEX ( ) 8C 3C™

The commutation relations for the LIVF are

[Xe, Xe-]=iE [X5 X:]=0
[X5 Xel=ioXe [Xi Xil=nhX. Q9

[XL, X5+]= —iwXL+ [E, any vector field] =0.
Those for X® are the same but for a minus sign. From the duality conditions

ixt®=0 VX'#E iz@=1 (2.10)
we obtain

0=3(C"dC~CdC")-wCC*dB+d¢/iL (2.11)
It is now seen that the characteristic module % is generated by

%o=(X}5, X5) | (2.12)

whose integral curves are the ‘equations of the motion’. Indeed, the equations coming
from (2.12) tell us that B is just a parameter of these trajectories, while the other
variables are £ independent. The physically meaningful evolution equations are those
derived from X:

dC/ds =—-iwC dC*/ds=iwC" dB/ds=1 d{/ds=0 (2.13)
giving the trajectories

C(s)=Cye ™™ CT(s)=C{ e B=s (=4, (2.14)
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Thus, the quantum manifold Q=(~}(m,w)/ %s is parametrised by the initial values
(Co, Cy, &) and the corresponding contact form 0|, is given by

0|o=3(C5 dCy— Co dCF) +d¢o/its (2.15)
from which we obtain the symplectic (curvature) form
w=d(B|,)=1dC; rdC,. (2.16)

We now adopt, as the polarising subalgebra P, the one including XL, Xt and XL,
Conditions (2.1a) and (2.1b) now imply

2y =iy = ¢(C,C", R, B,{)={¥(C,C*, R, B) (2.17a)
Xly=0=¢(C,C",R B, {)={y(C,C", B) (2.17b)
XLy=0=>¢(C,C",R B,{)={exp(~CC/2)p(C", B) (2.17¢)
XLy =0=9¢/0B+iwC 3¢/0C* =0. (2.17d)

Equation (2.17d) is simply the evolution equation in the Bargmann-Fock-Segal picture
(see, e.g., [15]), except for the zero-point energy [4, 5]T. The natural measure turns
out to induce the scalar product for complex holomorphic functions,

<w'iw>=j LdCdCT g™ (C", B)g(C*, B) (218)

including the weight factor exp(—|C|)?), which naturally appears because of the polarisa-
tion condition (2.17¢).

The quantum operators are, except for an i factor, the restriction of the rRIVF to
the above space of polarised wavefunctions. Because LIvF which generate 6o commute
with the rRivF the quantum operators in the ‘Cg representation’ are given by

a =iCg§ a=-13/9Cy§
(2.19)
E=wa"a L=ia"xa
where we recognise the usual creation, destruction, energy and angular momentum
operators.

3. The Klein-Gordon field

We may now discuss the simplest free relativistic field. The quantum group associated
with it will have to include the Poincaré group and an infinite number of oscillators.
To describe the massive real kG field we thus propose the quantum group GKG defined
by the following group law: '

®"(k) =®'(k) exp(—ikA'a) + D(A'7'k) keQ}

OT(k) =d7'(k) exp(ikA'a) + DT (A'"'k)

a'=a"+Aa acTr, (3:1)
A"=AA AeZ

{"={¢explié(g’, 8)] feu(l)

T See [12] for a discussion of the zero-point energy. In any case, this problem is absent if we supersymmetrise
the harmonic oscillator by means of a graded quantum group.
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g’ 8) =% J AP (K)PT(AT'K) exp(—ikA'a)

m

~ @ (k)D(A' k) exp(ikA'a)] (3.2)
1 %
A=y 2E

Because the translations a have dimensions of length, the continuous index k is clearly
identified with the momentum (% =1). The infinite character of Gyg is due to the
(complex) group parameters ®(k), ®*(k) labelled by k, = (E =+(k*+m?)"? k) e Q.
The action of the Poincaré subgroup on a simple redefinition of these parameters (see
(3.13) below) gives the usual transformation law of the components of the kG field
Fourier expansion.

It is the group parameters ®(k), ®*(k) which allow us to construct the extension
cocycle (3.2), which formally may be considered as a sum over an infinity of oscillator
cocycles (appendix 1). It may be shown that the inequivalent 2-cocycles which may
be defined on f}KG/U(l) = G (i.e. the group defined by (3.1) alone; notice that Ggg
is not a subgroup of Gro) are all characterised by Lorentz-invariant real distributions,

M(k)=ad(k*~B)6(£k") a, BeR (3.3)

much in the same way the inequivalent 2-cocycles of the Galilei group are parametrised
by the mass. Equation (3.3) shows why the group parameters ®(k), @ (k) are labelled
by tetramomenta on the mass shellt; in natural units, [®(k)]=[®" (k)] = (mass) .
We now apply the Gaq as before. Because ®(k), ®"(k) represent a continuum of
group parameters, the vector fields will now contain functional derivatives. The LIvF

and RrIVF are given by (see appendix 2 and [3])
X5 =8/80(Ak) - 4T (AK)E
R =8/607(Ak)+4D(AK)E

P i 5. 5
*Z_IL;,‘{Q"" <q’“‘) sk T K a®*(k>>] (3.4)

X];u=Aa“[

Xb= To8(e)a/0e™®
Xt=if9/or=E

and
XR=eT"(8/8B(k)+HDT(k)E)
X5y =€ (8/ 80" (k) - 1i®(k)Z)

XR = (3.5)

+ If k was not restricted in (3.1) to be on O}, the characteristic module g would be enlarged by the ®(k),
®*(k) corresponding to k& Q}, which would then disappear from the scheme anyway.
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A I a:uﬁmzfjagajﬂ
| a0 (om0 gt (m (10700 3555
Xt=Xl==
respectively, where m,,, (k)= Sﬁkga/ak“]m, ie.
mo; (k) = Ed/3k’ my(k) = ka/ok’ — kia/3k;. (3.6)
Their Lie brackets are given in appendix 2. We shall only give here the commutator
[X 5000 Xpaer] = ~i0uE (37)

where Ay = (27)°2E8*(k — k'), which exhibits the conjugate character of ® and &*.
Notice that the functional derivative has been defined for the measure d{),; thus
[6/6®(k)]=[8/6®"(k)]=(mass)™" as required by the dimensional homogeneity of
the terms in (3.4) and (3.5).

From (3.4) and the duality conditions the generalised quantisation form @ is derived
to be

C] =% J‘ dQ (®* (k) dd(k) — ®(k) dD"(k))
Qn

—J dQ, k*®(k)®* (k) da, +d¢/ig (3.8)
Q,

by using the relations among the cotangent T*(Gyg) and tangent T(Gyg) space
coordinates

8P(k) 8D7(k) ~0 80T (k) 8d(k)
sOF(k))  SD(K) 8O7(k')y sd(k)
(3.9)
d 0 0
“ — 8M aB = §ak — | =

da (aa") &% de (aﬂ“’) 8ah d¢ <a£,> 1.
From (3.8) the presymplectic form d® is easily derived:
dO =i J dQ, d® (k) A dd(k)

—f +ko k*(D(k) dD™(k)+ D7 (k) dd(k)) ada,. (3.10)

The characteristic module is now seen to be generated by the LivF of the Poincaré
subalgebra
6o =(XE,, X i) (3.11)

as might be expected from (3.1) and (3.2) (cf (2.4) and (2.12)). To obtain the integral
manifold of the differential system (3.11) we label the respective integration parameters
A* and A*”. From XL« we then get

do(k) d®*(k) da,  d¢ —0 de®?
dA®”  dA* T dA* dam dar

L
= T%E(e). (3.12a)
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Similarly, )Zf;“ gives

jfj = A, d;(f) = A, k*D(k)
do (k) . . de®®  d¢ (3.128)
PTG drvdas
The integration gives the trajectories for the group parameters
e =g (A*") D(k)=dy(k) e
a, =Ag A" & (k) =D (k) e (3.13)
(=0

of which those of £*# are uninteresting because of (3.17) below.
The quantum manifold Q = G/ %e is parametrised solely by

(@o(k), Dg(k), &o). (3.14)
On Q, ® and dO© adopt the form 0/ %, = 0|,

@'O%J A (5 (k) dPo(k) ~ Do(k) AP (k) +dLo/id (3.15a)

m

d®|Q=iJ’ +ko dO§(k) A ddy(k) (3.15b)
obtained by substituting (3.13) into (3.8) and (3.10) respectively. The 2-form (3.15b)
defines a symplectic structure (S = Q/U(1), w =d®|s) which together with its Poisson
brackets is discussed in appendix 3.

To complete the quantisation programme we need to construct a Hilbert space
%(GKG) where the Lie algebra of Go is represented unitarily; the introduction of
polarisation conditions will provide an irreducible representation. We take P as the
subalgebra generated by (cf § 2)

P=<)2!f>(k),)25“,)2£'“”>- (3.16)

Thus, the elements of #(Gyg) are the functionals ye %[C.}KG], z/x:GKGeC, which
satisfy the conditions (2.1a) and (2.1b), namely

By =iy = y[O(k), ®7(k), A, a, {1 = {p[®(k), ©™(k), A, a] (3.17a)
Xboagy =0 => y[B(k), ®7(k), A, 4, {]=(p[@(k), @7 (k), a] (3.17b)
X500 =0=> w=£[exp(—%f . dnk@(k)lz)]so[df(k), a] (3.17¢)
2Ly =0 o 22[PT(K), a] f ey 80[@7 (), a]

Xap=0= =0 =i | A0k @7 (k) =i —=0 (3.17d)

The last equation generalises (2.17d) to the present case. Using (3.17a-c), the general
solution may be written in the form

Y[P(k), 27(k), A, a,{]=¢ [eXP(—% f L4 <I>(k)¢+(k))} e[®7(k), a] (3.18)
Qpm
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where the functional [®7(k), a]is a solution of (3.17d). Its general factorised analytic
form has the expression

L |
e[®7(k),a]l= ), —,J aQy, - - _[ dQy, e (ky, ..., k)
n=0VN:Ja} Qn
x ®(k,) exp(—ik.a) ... ®"(k,) exp(—ik,a) (3.19)

where the function ¢(k,, ..., k,) is symmetrical under the interchange of the momenta.
Because ®*(k;) exp(—ikia)=®;(k;) (see (3.13)), the functional (3.19) defines the
familiar functional ¢[®{] on S. The scalar product of two functionals ¢, ¢ is given
by

(y',¢)= 4[ do” do eXp< —J dﬂqu’(k)lz) ¢™*[®7, ale[®",a]  (3.20)

which is usually considered as the definition of the scalar product for the functionals
@', ¢ themselves. We recognise in (3.18) and (3.20) (¢f (2.17¢) and (2.18)) the Gaussian
measure for the xG field which arises in a natural way in the Gaq.

The basic quantum operators are given by the rivr (3.5). Using (3.17) we find
their action on the functionals ¢ € %(GKG):

X3y ==Ne ™" (k)¢ (3.21a)
>R _ ika__ 09
Xorap=Ne 50 (k) (3.2156)
XRw=—iNJ a0, k* " (k) 2 | (3.21¢)
o ar 8d™ (k) '
XBoy= N(iaﬁEaB J . dQ, k, o (k) ——— 5@ (k)
+
- 21d
L dQu(m.s(k)d"(k)) 5D (k)) (3.214)
where N is given by
N=¢ exp(—%j ko|<I>(k)|2>. (3.21e)
a;,

The expression for the physical operators is obtained by restricting (3.21) to the
functionals ¢ which are defined on the manifold Q/U(1) parametrised by ®o(k),
®F(k) (see (3.13)). On these functionals ¢ = ¢[®§(k)] (i.e. in the ‘@5 (k) representa-
tion’) we get

a(k)=iXB+, =i8/8® (k) (3.22a)
at(k)=iX%u, = —i®s (k) (3.22b)
P“zi)?l'}“:j _dQya(k)a(k)k* (3.22¢)

m

~

M,, =iX& =—iJ komw(k)a*(k)a(k) (3.224)
Q5
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which correspond to the familiar destruction, creation, 4-momentum and relativistic
angular momentum operators (see, e.g., [16] p 117). Because of (3.22a, b) we see that

[a(k), a™ (k)] = A (3.23)

(so that a, a™ are the customary annihilation and creation operators with relativistic
normalisation) and that the operators (3.22) already arise in normal-ordered form.
Once we have defined the operators a(k) and a¥(k), we can construct the Fock
space in the usual way by defining
1

|kla k25 cets kn>E:/_‘—n—‘i a+(k1)a+(k2) e a+(kn)lo> (3240)

® 1
=) — dQ ... dQ ki,....k)lk, ..., k, 3.24b
|¢’> ngOMJ'QIl k 4[(1;" k,,‘P( 1 )l 1 ) ( )
where the ¢(k,,..., k,) are symmetric normalised functions:

j ko,J dnkz...j dQ, |e(ki, kyy ..., k)P =1. (3.25)
af “7:2 n’;n

We thus see that the GAQ leads to both the coherent state and the Fock state
representations. Both are isomorphic and we can check readily [17] the equality of
the scalar products between the states |¢) and their biunivocally associated functionals

¥
W, )=l (3.26)
where (¢, ¢) is the functional integral (3.20) and (y'|¢) is the bra-ket scalar product

W= ¥ J ) ko‘...J-W Ay o™*(ky ... k)oK ... k). (3.27)

n=0J0j, k

The isomorphism (3.26) is simple in the present (free) case because the integration
in (3.20) involves a Gaussian measure. In general (non-free theories) (3.26) may be
considered as a definition of the functional integral in terms of the new group operator
analogues (3.24q, b).

To conclude this section we mention that, although we have restricted ourselves
here to the real (neutral) kG field, the complex case is completely similar. It only
requires enlarging the group with the appropriate new parameters to accommodate
the antiparticle sector.

4. The Proca field

The quantisation of a field whose manifestly covariant transformation properties require
more components than the physical degrees of freedom adds the extra difficulty of
dealing with the constraints which eliminate the unphysical components. In geometrical
language, this elimination corresponds to deriving a true symplectic structure which
provides the quantisation of the physical degrees of freedom, as exemplarised by the
Dirac method [18].

The GAQ also provides an adequate framework to treat the class of constraints
which appear when a quantum group G, itself a central extension of a group G by
U(1), may be further extended, i.e. when the extension leading to G had not exhausted



Group manifold approach to field quantisation 4275

the cohomology of G. In these circumstances the constraints appear as vector fields
enlarging %o and spanning a subalgebra with non-trivial cohomology [12, 19]. We
shall devote this section to illustrating these methods, using the case of the massive
real vector field as an example.

With a notation similar to that of (3.1), we propose the following quantum group
Gy to describe the Proca field:

@7 (k)= (k) exp(—ikA'a)+ A, (A"'k)
®"(k) =D (k) exp(ikA'a) + AL T(A k)

(4.1a)
a"=a'+ANa
A"=AA
"={'{ explié(g’, 8))
£(g'g)= —% J' dQ M*7 (AT AP LA TR (k) exp(~ikA'a)
o5
- @, (A k)D(k) exp(ikA'a)) (4.1b)

M* (k)= g"" —k*k”/m’

where the group parameters ®, (k) and @, (k) are now labelled by a vector index and
three continuous ones (k€ Q,,). It should be noticed (see appendix 1 for a discussion
of the cohomology of Gg, the group given by (4.1a) alone) that the cocycle (4:1b) can
be regarded as the sum of

£(g,8)=—=

2J dQ, A [ D (AT k)D (k) exp(—ikA'a)
Q+

- @, (A7'k)D]' (k) exp(ikA'a)] (4.2)
which may be considered as the ‘free’ one, that is, as corresponding to a vector field
with no constraints, and

&g, 8)= # J- dQ(A TRk [DL(ATK)D (k) exp(—ikA'a)

-, (A7'k)D; (k) exp(ikA’a)] (4.3)

m

which, once added to (4.2), gives the transverse projector M*“(k). We thus see that
the ‘longitudinal’ part of both &, (k) and @ (k) is not involved in the extension of Gp.
We now proceed with the GAQ as in the previous section. The LIVF are given by

Xo.00=A"(8/8D, (Ak)+HM* (AK)DL(AK)E)
X5:00=A,%(8/8D5(Ak) — LM (Ak)D,(AK)E)

~ 8 8 8
Xa“ Av {aa” l'[n;dnkk (¢a’( )(Sq)o.(k) q)a( )aq);(k) (44)
L a3
X o= TZE(E)&SQB
)2§=1§—a—EE
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and the rRIVF by

XB =e""(8/8D, (k) - UM (k)®L(k)E) X% =6/9a,
X500 =" (8/80% (k) +3M* (k)®,(k)E) Xf=X;=E
o R a a
X B = T8 +8%q, —— .
£ Mv(s)asaﬁ 6,u,uaa aaB (4 5)
—j do ((m ()@, (k) =t (., () D3 (K)) —— )
ap TR s (k) T sk (k)

or 8 + 8
+62] L; dQ, (cp,(k) 570 T o (k) —mﬂ,(k)).

Their Lie brackets are given in appendix 2. We notice here that the commutator
[X 5100, Xb,00] = IM* () AwE (46)

does not correspond to the commutation relations of canonically conjugated variables.
M"" (k) is singular and indicates the presence of constraints.

The calculation of the generalised quantisation form is performed from (4.4) as
before. The result is

®=§J 40, M7 (k)(®. (k) dd (k) — D(k) A, (k))
—J’ dQ M™ (k) k*®,(k)®, (k) da, +d{/i¢ (4.7)
fopd

from which we get

do= iJ N dQ, M (k)(dD, (k) A dD](k))

- J‘ dQ, M (k)k*(®,(k) dD (k) + D7 (k) dD,(k)) A da,. (4.8)
an
Using (4.7) and (4.8) we may now calculate €. We find that €¢ is generated by
X5, Xow (49)
(i.e. the L1vF of the Poincaré subalgebra) plus
k é k é
=-9 + =2 . 4,1
€(k) m §®,(k) €k m 8®L(k) (4.10)

Let us now integrate €g. Let A*, s(k), s (k) be the parameters of the integral curves
of X§ , €(k), €7(k). We shall ignore X% because we have already seen that there
is no contribution to Q from the Lorentz part. From Xt . we obtain

da, do,(k)
dax da®
ddi(k) | de®® d¢

are =1Amk’d>;(k) dre =0 d)\‘"'=0

iAL k7D, (k)
(4.11)
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and from €(k), €7 (k)

d®,(k) K, dd (k) _k,
ds(k) m ds™(k) m
d@;(k)_ da, de*® _d¢ —0
ds(k) ds(k) ds(k) ds(k)
dd,(k) da, de*® d¢
+ R =77 =5+ =0.
ds™(k) ds"(k) dsT(k) ds7(k)
The integration of (4.11) and (4.12) is performed by taking the results of one of them
as the initial conditions for the other. Beginning with (4.11), we obtain

(4.12)

@, (k)= h, (k) exp(—ika) £%F = gTB(AHY) 4 0P
@ (k) = hi(k) exp(ika) 4, = Ay A"+, (4.13)
{=4

where h,(k), h.(k), f** and f.. could still be functions of s(k) and s™(k) to be
determined by (4.12). Taking A** =0, A* =0 as initial conditions, (4.12) then gives

dh, (k) _k, dh, (k)
ds(k) m ds (k) (4.14a)
dh.(k) _ dhi(k) Kk,

as(k) 0 ds™(k) m (4.14b)
ar df. _ dref df,

ds(k)"0 ds(k)—o as k) _ds+(k)_0' (4.14¢)

Equations (4.144a) tell us that f** and f, are constants; f may be absorbed in A. Now
from (4.14b) and (4.14c¢) we obtain

k
h#(k)=%s(k)+d>(o)“(k) h:(k)=;“ sT(kY+ D) (k) (4.15)

where @), (k) and &, (k) are the corresponding integration constants. Having
completed the integration of (4.11) and (4.12), the trajectories determined by g are

g% =g (A*") a,=A,\" (=1 (4.16a)
®, (k) =[(k,/m)s(k)+ D, (k)] exp(—ika)
(k) =[(k,/m)s™(k)+®,.(k)] exp(ika). (4.16b)

By simply counting the integration parameters (vector fields) and the initial con-
stants, we notice that we may dispose of one of them by shifting the parameter. In
other words, a redefinition of the ‘affine’ parameter s(k) in (4.16b),

s(k) > s(k) = (k°/m)® (k) (4.17)
(and similarly for s™(k)), allows us to write

b (k) = (k. /m)s(k)+[ Do, (k) = (ko / m?*) (k7 D) (K))] (4.18a)
and, accordingly, to choose the integration constants '

k) =@, (k) = (k./m*) (k° D0y, (k)) (4.18b)
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in such a way that they are orthogonal to the 4-momentum k. With this selection the
Lorentz condition

k7@, (k) =0 k@5, (k) =0 (4.19)

is fulfilled by the initial constants and then (4.15) becomes the decomposition of &, (k)
and h,, (k) in their longitudinal and transverse parts.
The usual decomposition of @, (k), ®{),.(k) in the transverse modes is given by

Plou(k)= Y Clolk)e,(k) d’&l(k)=IZIZ“CFB'S(k)sl(k) (4.20)

i=1,2,3

where the 4-vectors eL(k), i=1, 2, 3, fulfil the relations

k*el, (k) e

1

0 en(k)e™ (k)=g" ZsL(k)E’;(k)=—<gw—k“k”>- (4.21)

With this decomposition, the quantum manifold Q = Gp/ %, is parametrised by
(Clo(k), Clo(K), o) i=1,2,3 (4.22)

and the restrictions of ® and d® to Q are obtained from (4.7) and (4.8) by using
(4.16), (4.20)-(4.22) with the result

i . ) . ) d
Olo=32 J L 40 (C (k) dCloy(k) = Cloy(k) d (+ol>(k))+?§0
T Y 4.23)
w=1ZJ ko dcz-ol)(k)/\dCEo)(k).
Q+

! I

Comparing with the kG case (3.15), it is seen that (4.23) is the sum of three symplectic
forms written in Darboux coordinates. The symplectic structure is shown in
appendix 3.

Let us now discuss briefly the Hilbert space which will again be given in terms of
functionals. With the polarisation defined by

P=(Xs, ), €(k), € (k), X5, Xtw) (4.24)
the equations which determine the elements ¢ € #(Gp) are

B¢ =iy = ¢ = ([P, (k), D (k), A, a] (4.25a)

X =0=> =[P, (k), ®I(K), a] (4.25b)

X5 0p=0=>y=¢ [exp (% J‘ L dQy M“”(k)%(k)cbi(k))] e[®;(k), a] (4.25¢)
. Q,

SL ., _ 99 . . S¢ _

X‘,Mw——0=>aau+1J‘mkok D (k) 50 (k) 0 (4.25d)
- o  _

Ck)y=0= k05d>g(k)~0 (4.25¢)

€ (k)y=0=k, i 0. (4.25f)

sdi(k)
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It is simple to see that (4.25e, f) imply that the functional ¢ does not depend on the
longitudinal part of ®,(k) and @ (k). Completing the three vectors £'(k) of (4.21)

with a fourth one, s#(k) =k,/m, g’”ea(k)es(k) , We may write
3 3
P, (k)= Z C*(k)eg (k) o W(k)= Z Co(k)e, (k) (4.26)
a=0 =0
and check that because k*eji(k) =g, (4.25¢, f) become
8y 8y
=0 = 4.27
8Co(k) 5C; (k) (427a)
Using the rest of equations (4.25) we get
y={ [exp(—% J' L 4 D \Ci(k)c+i(k)\2>] e[ C/(k), a] (4.27b)
Q, i
2 J 40, k* YOk —2— (4.27¢)
da,, T 5C* (k) '
Comparing (4.27b, ¢) with (3.17¢, d), we see that, formally,
3 -~
H(Gp) = @ %i(GKG)[diag Tr, (4.28)
i=1

where diag Tr, means that the translations (the spacetime variables) are common for
all three %,(Gye). For instance, the factorised solution of (4.27¢) is given by

e[C(k),al= H ¢'[CT(k), a] (4.29a)

¢'[CY(k), a]

O | . . , )

=) — dQ,. .. dQ ky...k,)C (k) e e, . CH(k,)e
n=0mJQ:’ k JVQ:' k@o( 1 ) ( 1)e ( )e

(4.29b)

(cf (3.19)) and the scalar product in (Gp) is

(¢, )= fl JdC“dC’l exp(—J‘
i=1 *

Qp

dQ. Y. {C’<k)|2> @e*[C ale[C"a]l  (4.30)

(cf (3.20)). The discussion of the Fock space picture and the functional integration
made for the KG case follows a similar pattern here.

To conclude this section we now discuss the quantum operators on %(Gp) The
action of the rRivr (4.5) on the functionals ¢ € H(Gy) is given by

XR oy =e R NM* (k)0 (k)¢ with

N=/{ exp(% j 4y M”’(k)CIDU(k)(IJf(k))

"

- . ¢
XR+ - ika
ot =¢ N—MD;(k)
5 5 (4.31)
-~ B‘P . ¢ . i <P
XRy=N—"F=— k*®7 =—iN k“C*i(k :
audj Naa,u INJ' . ko @a(k) 54);(1() 1 J’ . ko C ( )5C+'(k)
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~ ¢ 8¢
XBoy = N5 a————NJ' . ¥ —_—
£ '1[/ m a aaB ar ko(m/J. (k)q)a'(k)) aq);(k)
d¢
+ N8 dQ, ®5(k) ——.
- J «@ak) 597 1)

"

Thus, the action of the quantum operators on the ¢[Ci5,(k)] functionals, (polarised
functionals on (Gp/P)/U(1), i.e. defining the ‘Co,(k) representation’) is given by

i . 4 +i i
a (k)_l_—&CE'(,i)(k) a (k)= 1C(0)(k)
p# =J dQ k* Y a™(k)a'(k) (4.32)
an i

n

M, =is J dQ, ehs(k)eL(k)a™ (k)a’ (k)
ij Jar,

- Jm dQu(m,, (k)es(k)a™ (k))e" (k)a'(k)

where C{5)(k) and C{)(k) are the initial constants for the evolution given by (4.16b)
and (4.20),

Clo(k) = —e,(k)®)(k)

N T (4.33)
Coy(k) = —e,(k)P o5 (k).

5. Final comments: the Stiickelberg formalism and the zero-mass limit

It is well known that, due to the gauge invariance, a description of the electromagnetic
field cannot be obtained by taking the naive m -0 limit for the massive vector field.
From the point of view of the Poincaré elementary systems [20] this is due to the fact
that in the limit m > 0 the little group for a massive particle, the rotation group, becomes
the Euclidean group on the plane (E,) and this is not a smooth transition. Because
our Proca quantum group is built on the Poincaré group, it is clear that we cannot
expect to obtain a description of the Maxwell field just by setting m equal to zero in
(4.1), and indeed this limit is not even defined (see (4.1b)).

There is, however, a formalism which allows for a ‘good’ zero-mass limit in the
sense that it leads to the right field propagators: the Stiickelberg formalism (see, e.g.,
[16] p 136), which is amenable to our approach. In the Lagrangian formalism, the
Stiickelberg procedure is based on the addition of a gauge fixing term to the Lagrangian
for a massive vector particle; the resulting theory describes a field whose transverse
and longitudinal parts are on two different mass hyperboloids. A similar result may
be achieved by the caq by adding to the Proca cocycle the ‘gauge fixing’ one

£(g,8) =’—:—2 J dQ (ATTK)“K [P, (AT Tk)D] (k) exp(ikA'a)

Qv
—® (A 'k)D, (k) exp(—ikA'a) (5.1)

which is defined on the hyperboloid of mass m’=m/v/A, where m is the mass of the
original Proca field and A the dimensionless gauge fixing parameter. However, the
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calculations are more involved than in the Proca case and we shall omit them. Thus,
the Gaq does not overcome the familiar difficulties associated with the quantisation
of the Maxwell field.

As is well known, the Maxwell field presents a larger symmetry, given by the
conformal group. Thus it would be more natural, perhaps, to develop the GaqQ for the
Maxwell field on the conformal rather than on the Poincaré group. Conformal quantum
field theory [21, 22], although experimentally relevant, is not itself without difficulties
(for instance, the conventional gauge fixing term violates the conformal transformation
properties of the 4-potential) and we shall not discuss it here.

Appendix 1. Cohomology of Gk and Gp

To find all the possible U(1) extensions of Gk, the base group for the quantum group
Gkg, it is necessary to classify the 2-R-cocycles of Ggg, i.e. all the bilinear maps
£€: Gy X Gk~ R, that fulfil the conditions

£(g',g)+6(g'g, 8")=6(8,8")+6(g', 88") (Al.1)
£(e,g)=¢(g',e)=0. (A1.2)
The only vanishing Lie brackets of the generators of Ggg are

[ Xk, X&)

(A13)
[Xa,,Xal

Thus, the parameters which may be involved in an extension of Gk are in principle
®(k), ®*(k) and a, but due to the Lorentz transformations there is no contribution
arising from the translation parameters a. The above results can also be obtained in
a more rigorous way by generalising the method of Bargmann [23] to the case of
infinite dimension.

Bearing in mind the formal resemblance of the group law of Ggk with the quantum
oscillator (2.4), it can be shown that the 2-R-cocycles are of the form (note the minus
relative sign)

£(g', g) =i J d*k M(k)[@'(k)®™ (A'™"k)

x exp(—ikA'a) — @ (k)®(A' " k) exp(ikA'a)] (Al1.4)

where M (k) has to be determined from the cocycle property (Al.1). A certain amount
of calculation, including an integration by parts, leads to

M(k)=M(Ak) = M(k)=ad(k’—B)6(xk") a, BeR. (A1.5)

Thus, the cohomology group of Gk is parametrised by the set of Lorentz-invariant
distributions (A1.5), much in the same way as the mass parametrises the cohomology
group of a classical free particle. Note that M (k) also fixes the Poincaré orbit: only
the group coordinates ®(k) and ®*(k) whose index k is on the mass shell contribute
to the extension of Ggg.
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The previous reasonings for the cohomology group of G also apply to the case
of the U(1) extensions of Gp. The only non-trivial 2-R-cocycles are of the form

&g g)=i ‘[ A%k M7 (A TN [P LA KD (k) exp(—ikA'a)

-, (ATk)D (k) exp(ikA'a)] (A1.6)
where again M*?(k) is determined by (Al.1). One finds
M* (k)= ad(k®—B)0(xky)(Ag” + yk*k7) a, B, A, yeR. (A1.7)

Appendix 2. The Lie algebras of Gig and Gp

A2.1. Calculation of the invariant vector fields

Let G be an infinite-dimensional Lie group with coordinates g'(k), characterised by
i=1,2,..., and a continuous index ke X, and whose group law is written as g"(k) =
g'(k)g(k). The obvious generalisation of the formula

ag”| o
X == — A2.1
g agx . ag} ( )
which gives the L1vF of an ordinary Lie group with coordinates g’, where i=1,2,...,r
is the finite index, is given by
6g//j(kl) S
Xy =| dk'— » A2.2
£l J o' (k) |. 5g (k) (A2:2)

where the usual partial derivatives have been substituted by functional ones. In the
case of Ggg and Gp, the continuous index k can be identified with the on-shell
4-momentum of a massive particle. Thus

8®(k) 8D (k) B

sD(k) % sdT(k) T
for Gxg where Ay is the generalised delta function on~the positive sheet of the mass
hyperboloid with volume form (27)*(2E)"" d*k. For Gp (A2.3) is suitably modified.

Using (A2.2) and (A2.3) the expressions for the LIvF and RIVF given in (3.4), (3.5),
(4.4) and (4.5) are easily obtained. For instance

(A2.3)

. 8®"(k") o 8¢(g', g)
Xow=| dQu + =
P L; K od(k) | 6D(k)  8D(k)
-J dQy Apa- —6——ij dQ, O (KA AW E
= ax k' BgA kS(D(k') > o 1% kAT k=
8 1
= —HPT(AKE A2.4
5D(AK) 5P (AK) ( )
and, for the Lorentz vector fields,
~RV=R“‘3 3 0 9
Xe T“”(e)ae“ﬁ o™’ (Aa) .oa

& +<8<I>+(A’_‘(k)))
e 8P (k) ae*”

ad>(A"‘k) )
+L+ dide [( 5em ) . ad>+(k)]

mn

(A2.5)
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where T"B(s) are functions of the parameters (see [3]). Recalling that, in our parametri-
sation,

AelLl A=exp(3e**L,p) (Lg) =824 (A2.6)
the final expression is given by
~ R

0 ]
X =To(e) —5+8:0a,—
I ( )asaﬁ M 38a

a

é . )
—L:‘dﬂk((m(kmk» 500 (e (27 (k) w(k)) (A2.7)

3
ok%la;,

where m,,, (k) is restricted to the mass-shell hyperboloid (cf (3.6)).

(A2.8)

m,, (k)= 588k,

A2.2. Lie brackets

By means of a formal series expansion of the group composition law, it may be seen

that the structure constants of an infinite-dimensional group G are (cf (A2.1) and (A2.2))
e 8’g"(k)) | __ 8g"(k)

k)" = 88" (ky)8g° (ks)l. 68" (ks)dg’ (ko) |

(A2.9)

where the derivatives are functional derivatives for the continuous index group coordin-
ates and ordinary partial ones for the discrete indices. As an example, we calculate
the bracket [ X bu, Xff,(k)]. The only non-vanishing structure constants are

D(k")

Cou d)(k)_a P A= —m,, (k)& (A2.10)
Thus
[Xoer, K] = J L9 fﬁf;(k)xé(kﬂ = m,., (k) X §x)- (A2.11)
o

The Lie brackets can also be calculated directly by using (A2.3). We do not need
the explicit form of )?bw and XSRW to find the commutators where these fields are
involved: by imposing the usual Poincaré commutation relations to the Poincaré
subgroups of G and Gp, the following equalities are obtained:

TC‘E B (A(TT) ( )T? Acra
(A2.12)

T"‘B d€ aB (AO'T) (IMV)G-‘.UA(UT.

For instance

8

[X b, Xis0] = J AKX Er B ar) (W—%@*(k')a)

m

=(XtoAk)—| X5 (A2.13)
Q
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We recover the former result (A2.11) if the first of (Ag.12) is used. Notice the
fundamental bracket which accounts for the extension of Gg:

[)z.;+(k)’ Xli:(k')] = -4, E. (A2.14)

The rest of the commutators of the GKG and Gp algebras are calculated in the same
way. The results are

Klein-Gordon Proca

[X‘p (k) )?quk )] = “‘lAkk— {ch MOH ch (k)]—l(g’w—k“k /m JALE
[Xa,X¢ (k)]—-lk Xd> (k) [Xa’Xd: ol =—ik* ch (k)

[Xa s X(D(k)]"lk X<l>(k) [XIE s ch (k)]—lk”de (k)

[Xe st)(k)]‘ my.v(k)XQ(k) [Xs ,ch (k)1—5 X¢A(k)+m;w(k)x¢ (k)
[Xs ,ch wil=m (k)Xq: (k) [Xs s X<z>,(k)]—5 X¢A(k)+mpy(k)X¢,(k)
[X4>(A)9X¢(k)] 0 [Xq> W) Xq> Lk =0

[Xq> (k)» X¢ «n]=0 [Xq:“(k), ti fky] =0

[X%,X:1=0

[X 5w, Xbw] =g, X v — g, X oo+ g, X v — g, X v
[Xbe, Xp1=80 X0,

[E, fera] =0.

One can also check that the Jacobi identities and the relations [XT, X*]=0 and
(X" X =-[XR®, X*] are fulfilled.

Poincaré subalgebra (A2.15)

Appendix 3. Symplectic structure and Poisson brackets

As pointed out in § 2, the pair (0)«,, (~3/ %o = Q) is a contact manifold from which a
symplectic structure (w, S= Q/U(1)) can be obtained. The Poisson brackets (pB) on
Fs—the ring of complex functions with arguments on S—give a representation of the
Lie algebra of G, due to the trivial cohomology of the extended (quantum) group. In
the GaQ, the RIVF generate symmetries with Hamiltonian functions taking constant
valties- along the trajectories determined by €g. In other words, the RIVF are the
generators of the Noether invariants (conserved currents). Note that, due to the fact
that L3r® =0, the Noether invariants are simply the inner product of ® and the rivF.

A3.1. The Klein-Gordon quantum group Gro

The contact form and the symplectic form are given in (3.15a) and (3.15b). The
equation iy = —df implies that the Hamiltonian vector field

=i &f 8 & 5
Xf_lj fndﬂk (3%(/() 3@g (k) 8D5(k) 5¢o(k)) (A3.1)

is the generator associated with the Noether function(al) f=f(®g(k), Do(k)). Thus,
the formula for the pB is, from its usual definition {f, g} = 0 (X, X,):

. &f g _ og 8f
Ugr=i L; dax, <6¢O(k) 501 (k) 2D (k) <I>0(k)) (A3.2)
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analogous to the expression of pB in classical mechanics, as one could have predicted
just by examining w. Note that, in particular,

{®o(k), Dy (k)} =i (A3.3)

The RrIVF are given in (3.5). Contracting with @, the following constants of motion
are obtained:

XB )= i®*(k) exp(—ika)
X§,+(k)—> —i®(k) exp(ika)

X% >~ j dQ, k* (k)" (k)

(A3.4)
XB> 5% a, f dQ, k, d(k)D" (k)

i

-3 J L A [(m,,, (K)2(k)D™ (k) = (m,,, (k)" (k)@ (k)].

The usual expression for the ‘physical’ Noether invariants is recovered by taking the
%o quotient,

i®g (k)
—i®o(k)

—J‘ +ko k o (k)P (k) (A3.5)

i
3 f A0 [(m,, (k)5 (K))Po(k) — (my,, (k) Po(k)) D (K)].

an
We recognise, in the invariant associated with X Rs, the 4-momentum of the Klein-
Gordon field. If we perform an integration by parts in the last expression above, we
obtain the relativistic angular momentum (see, e.g., [16] p 117)

M, =i J dQ, @5 (k)(m,,(k)Do(k)). (A3.6)
Qn

The pB of the functions in (A3.5) fulfil the (left) Lie algebra of Gka, as can be deduced
from its usual definition or checked by direct calculation using (A3.2).

A3.2. The Proca quantum group Gr

The case of Gp presents a new feature: the 2-form d®/ % is only presymplectic due to
the constraints on the Proca fields (6o # 2, (4.9), (4.10)). Once the ¢ quotient is
taken, one obtains, with the decomposition (4.20), that the symplectic form o is, from
(4.23), the sum of three 2-forms of the type (3.15b). Thus, in these Darboux coordinates,
the formula for the pB is

. of g & 8g )
=i 03 (e m e e eim) A

m
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If the spatial (i=1,2,3) components of ®f,(k) and & (k) are used to parametrise
the manifold of solutions, and the Lorentz condition (4.19) is taken into account, the
explicit form for the B in these new coordinates changes to

. f 58 3f 5g )

Cgt=i dQ (8, + kik;/ m? ( - e — ; - . A3.8
th e} -[ p K0tk /m) 8D o)(k) 8DG(k) 8D (k) 8Ploy(k) (A38)
Using (A3.7) and (4.21), or (A3.8) and (4.19), one can verify that

{®f)(k), Doy (k)= —i(g" — kK" /m*) A . (A3.9)

The conserved quantities are

}?gu(k) - —i(g" —k*k”/m*)®] (k) exp(—ika)

XBi0>i(g" = k*k*/m*)®, (k) exp(ika)

)25“ > J dQ, k* (g™ —k°k’/m*) @, (k)® (k)
Q+

o (A3.10)
X?ﬂ*% J _dQu(g77 — K7k m*)[ D, (k) (m,,, ()@ (k) — @ (k) (m,., (k)@ ()]

4367 J A0 (85— k) (@, (K)D3(K) = 7 (k) D (k)

n

~8.5a, J A0 (g —k'k7/ m*) k. @, (k)P (k)

m

and, when restricted to the quantum manifold,

i, (k) / k @), (k)=0

—id (k) / k@), (k)=0

—J 40, K Cloy(K) C i (k) (A3.11)
n+

m

i fm dQy Y Cloy(k)(my,, (k) Cioy(k))

+i L+ dQ Y Cloy(k) C (k) o (k) (my, (K)e™ (k)

i

+i838 f 40, Clo (k) CH(R)eL (k) (k).
i J0

m

The expressions in (A3.11) can be obtained either by restricting @ and the RIVF to
the quantum manifold and then performing the inner product or by substituting in
(A3.10) the trajectories given by €e. The latter method shows the ability of the GaQ
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strained free system and consider the constraints only in the final step of the calculations.
In this way, the generally cumbersome expressions arising when constraints are present
may be avoided.
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